We employ a recently formulated axisymmetric version of the multiphase Shan-Chen (SC) lattice Boltzmann method (LBM) [Srivastava et al. , in preparation (2013)] to simulate the contraction of a liquid ligament. We compare the axisymmetric LBM simulation against the slender jet (SJ) approximation model [T. Driessen and R. Jeurissen, IJCFD 25, 333 (2011)]. We compare the retraction dynamics of the tail-end of the liquid ligament from the LBM simulation, the SJ model, Flow3D simulations and a simple model based on the force balance (FB). We find good agreement between the theoretical prediction (FB), the SJ model, and the LBM simulations.
Introduction
The formation of liquid ligaments is ubiquitous, it happens whenever there is a droplet fragmentation. 1 Examples of fragmentation processes are the breakup of a liquid ligament stretched from a bath or the collapse of a liquid film. 2,3 The formation of these liquid ligaments is very common in the breakup of ocean spume where they influence the properties of the marine aerosols. 4 In industry, the dynamics of ligaments is a key issue for the print quality in inkjet printing, 5 where elongated liquid ligaments are ejected from the nozzle (see Fig. 1 ). For optimal print quality, the ligaments should contract to a single droplet before they hit the paper. Depending on the fluid properties, size and shape of the ligament, it may collapse into a single droplet (stable contraction), or it may break up into several droplets (unstable contraction). 6 The stability of the contraction of a smooth ligament crucially depends on the Ohnesorge number,Oh = ν l ρ l /(γ lg R 0 ), 7,8,9 where ν l , ρ l ,γ lg , and R 0 are the kinematic viscosity, fluid density, surface tension and radius of the ligament, respectively. When Oh > O(0.1), the viscous dissipation dominates and there is no energy left to deform the surface of the ligament, hence the contraction always remains stable. On the other hand when Oh < O(0.1), low viscous dissipation allows for large surface deformation that may result in the breakup of the ligament. Notz et al. found that the stability of contraction for Oh < O(0.1) depends on the aspect ratio of the ligament, Γ 0 = L 0 /(2R 0 ), where L 0 is the initial length of the ligament, and for Oh = O(0.1) the contraction of the ligament is stable and independent Γ 0 . 9 In this work we use the axisymmetric multiphase LBM to simulate the stable contraction of the ligament. 10 We validate the LBM model by comparing it against the 1D numerical slender jet (SJ) model by Driessen & Jeurissen, 11 an analytic model based on force balance (FB), and the Flow3D a simulation.
Lattice Boltzmann method
In this section we prescribe a brief description of the axisymmetric LBM for multiphase flow. 10 The model is defined on the Cartesian two-dimensional (2D) lattice by means of the nine-speeds, c i ≡ (c ix , c iy ), and distribution function, f i :
where x = (x, y) is the position vector, t is time and δt is the time step. In the above expression we have made use of the BGK approximation to let the distribution relax to the equilibrium distribution, f eq i . The bulk viscosity, µ, of the fluid is related to the relaxation parameter, τ , as µ = ρc 
a Flow3D TM is CFD software developed by Flow Science Inc., Santa Fe, New Mexico.
respectively. In absence of any external force u eq = u. The additional term h i in Eq. (1) has the following form:
where
and W i 's are the lattice dependent weights. The Chapmann-Enskog expansion of Eq. (1) gives the axisymmetric continuity and Navier-Stokes' equations (NS):
and
and ∇ is the 2D divergence operator in the Cartesian coordinate system. 10,14 In this manuscript, symbols x and y represent the axial and radial distances, respectively. The Eqs. (4) and (5) are written in a form to emphasize the 2D continuity and NS equation. The additional term −y −1 ρv and f on R.H.S. of Eq. (4) and (5), respectively, arise due to axisymmetry.
The long-range interaction force, F, in the Shan-Chen (SC) model is defined as:
where G is the interaction strength between two phases and∇,∇ 2 are the gradient and Laplace operators, respectively in the 3D Cartesian coordinate system. 12,13 The Eq. (6) for axisymmetric cylindrical polar coordinate is given by:
where ∇ 2 is the 2D Laplace operator in the Cartesian coordinate system. The axisymmetric contribution in addition to the 2D SC force comes from second term of the Eq. (6) and it is given by − 
Lubrication Theory model
We are using the slender jet approximation to model the stability of an axisymmetric viscous liquid ligament. 9, 11, 16, 17, 18, 19, 20 In the slender jet approximation, the fluid flow in the axial direction is assumed to be dominant. Therefore, radial inertia is neglected and the axial velocity is assumed to be uniform in the radial direction. As a result, the fluid interface is a well defined, single valued function of the axial coordinate, from which the full curvature of the interface can be calculated. If we use the initial radius of ligament, R 0 , as the length scale and the capillary time, t cap = ρ l R 3 0 /γ lg as the time scale, then the SJ model in the dimensionless form is given by:
where h, u, x, t and p Lap are dimensionless, and represent the radius of the jet, axial velocity, axial coordinate, time, and Laplace pressure, respectively. For this study we use the numerical model developed by Driessen and Jeurissen to solve Eq. (8). 11
The solutions to these equations are singular at each pinch-off, and at each collision of liquid bodies. 16 To allow the described physical system to transfer across the singularities that occur at pinch-off and coalescence, the surface tension term is regularized by a modification at a radius of the order of the cutoff radius, h c . The cutoff radius, h c is a control parameter of the regularization, and is chosen to scale with the spatial step. For the SJ simulations presented in this manuscript h c = R 0 /60.
Results and discussion
In this section we show the comparison of simulation from LBM and SJ for the contraction of liquid ligament. The LBM simulation is carried out for the following parameters (LBM units): system size, N x × N y = 1600 × 256, L 0 = 2000, R 0 = 49.5, relaxation parameter, τ = 1, kinematic viscosity, ν l = 0.17, Shan-Chen interaction parameter, G = −5, liquid density, ρ l = 1.95, vapor density, ρ g = 0.16, and surface tension, γ lg = 0.0568. For above LBM parameters we have Oh = 0.14, Γ 0 = 20. This parameter choice is suitable for simulating the stable contraction of a smooth ligament. For our study it is sufficient to simulate only half of the liquid ligament (see Fig. 1 ). We use the symmetry boundary condition at left, right and bottom boundaries and the free slip at the top boundary. 21 In order to make a comparison between the two models we need to have a common system for measuring the physical quantities and we opted for expressing quantities in dimensionless units. We choose the initial radius of the ligament, R 0 , and the capillary time, t cap , to scale length and time in LBM simulations. For SJ simulations we use the aspect ratio, Γ 0 = 20, and the Oh = 0.14.
First, we compare the time evolution of the ligament shape obtained from the LBM and the SJ simulation (see Fig. 2 ). During the collapse, there is a perfect agreement of all the models. When the tail droplets merge into one big droplet, the simulation results start to differ; in the LB simulation, the maximum radial extent of the droplet is larger and dimples form on both sides of the droplet. We hypothesize that this is due to the lubrication approximation in the SJ model. When the tail droplets merge, ∂ y u becomes significant, while it is neglected in the SJ model. When the radial extent of the droplet reaches its maximum, the kinetic energy is mostly converted into surface energy. A smaller radial extent indicates that the dissipation was larger. The origin of this numerical dissipation is similar to the dissipation in a shock in gas dynamics, or a hydraulic jump in hydraulic engineering; momentum is conserved, but energy is dissipated in a shock. The concave drop shape obtained in the LB simulation indicates that the lubrication approximation causes dissipation here. This shape cannot be represented as a single valued function in the one dimensional space of the SJ model, and the numerical dissipation in the SJ model is the effect that prevents the formation of these dimples. For the second validation we compare our LBM results to the SJ model and the Flow3D simulation. Additionally, we estimate the position of the tail-end of the ligament by an analytical model based on the force balance (FB).
In the FB model the rate of change of the mass, m, and momentum, P = mu, of the tail-drop is given by:
where u is the velocity of the tail-drop, 2x is the length and R is the radius of the ligament. The solution of Eq. (9) subject to the initial conditions: x(0) = 0.5L 0 − R 0 , m(0) = (2π/3)ρ l R 3 0 and P (0) = 0, gives us the length of the ligament in time, 2x(t) (R 0 = R(0)). In this force balance the tail velocity converges to the capillary velocity, u cap = γ lg /(ρ l R). 22 The solutions from FB model, SJ model, Flow3D simulation and LBM simulation are in very good agreement with each other (See Fig. 2, right panel) .
Conclusion
The axisymmetric multiphase SC LBM has been validated on the test problem of the stable contraction of liquid ligament. 10 For this validation the LBM simulations was compared to SJ, FB models, and Flow3D simulations. Furthermore the position of the tail-end of the drop was compared with a model based on the balance of forces. We found that the proposed axisymmetric multiphase SC LBM can accurately simulate the collapse of viscous liquid ligament. 10
